Abstract. Batyrev constructed a family of Calabi-Yau hypersurfaces dual to the first Chern class in toric Fano varieties. Using this construction, we introduce a family of Calabi-Yau manifolds whose SUbordism classes generate the special unitary bordism ring
where the c i are the universal Chern characteristic classes. Given a sequence ω = (i 1 , . . . , i n ) of nonnegative integers, define the monomial c ω = c Here [M ] is the fundamental homology class of M , and T M is regarded as a complex bundle via the isomorphism (1.1). The number c ω [M ] is assumed to be zero when 2 ω = dim M .
One important characteristic class is s n . It is defined as the polynomial in c 1 , . . . , c n obtained by expressing the symmetric polynomial x n 1 + · · · + x n n via the elementary symmetric functions σ i (x 1 , . . . , x n ) and then replacing each σ i by c i . Define the corresponding characteristic number as
It is known as the s-number or the Milnor number of M .
For any integer i 1, set m i := 1 if i + 1 = p s for any prime p; p if i + 1 = p s for some prime p and integer s > 0.
Then for any integer n 3 define For example, g(4) = 6, g(5) = 20. For n > 3, the number g(n) can take the following values: 1, 2, 4, p, 2p, 4p, where p is an odd prime. The numbers m i and g(n) feature in the following description of the rings Ω U and Ω SU of unitary (complex) and special unitary bordism, respectively. Theorem 1.1 (Milnor-Novikov [9] ). The ring Ω U is a polynomial algebra on generators in every even real degree:
The bordism class of a stably complex manifold M 2i may be taken to be the 2i-dimensional generator a i if and only if
Theorem 1.2 (Novikov [9] ). The ring Ω SU with 2 reversed is a polynomial algebra on generators in every even real degree > 2:
The elements y i can be taken as polynomial generators of
The torsion in Ω SU was described by Conner and Floyd in [5] . For the ring structure of Ω SU , see [10] .
It was shown in [7] that each y i with i 5 can be represented by a quasitoric manifold. In the next section we introduce another geometrical representatives for all classes y i , coming from Calabi-Yau hypersurfaces in toric varieties. A general construction is described below. Construction 1.3. Consider a stably complex manifold M = M 2n with the fundamental class [M 2n ]. Let N = N 2n−2 be a stably complex submanifold dual to the cohomology class c 1 (T M ). That is, we have an inclusion
We have c 1 (T N ) = 0, so N admits an SU -structure.
A toric variety is a normal complex algebraic variety V containing an algebraic torus (C × ) n as a Zariski open subset in such a way that the natural action of (C × ) n on itself extends to an action on V . A nonsingular complete (compact in the usual topology) toric variety is called a toric manifold. Projective toric manifolds V come from convex polytopes P ⊂ R n with vertices in the integer lattice Z n ⊂ R n . Given such a polytope P , we denote by D 1 , . . . , D m the torus-invariant divisors (codimension-one submanifolds) corresponding to the facets of P , and denote by v 1 , . . . , v m ∈ H 2 (V ; Z) their corresponding cohomology classes. A projective toric manifold V is a Kähler manifold with the total Chern class given by
The standard complex structure on a toric manifold V is never SU (see [7, Corollary 4.7] ), so there are no Calabi-Yau manifolds among V . However, the following construction gives Calabi-Yau hypersurfaces in special toric manifolds.
is very ample. In geometric terms, the projective embedding V ֒→ CP s corresponding to D 1 + · · · + D m comes from a lattice polytope P in which the lattice distance from 0 to each hyperplane containing a facet is 1. Such a lattice polytope P is called reflexive; its polar polytope P * is also a lattice polytope.
The submanifold N dual to c 1 (V ) (see Construction 1.3) is given by the hyperplane section of the embedding V ֒→ CP s defined by
In this way, any toric Fano manifold V of dimension n (or equivalently, any non-singular reflexive n-dimensional polytope P ) gives rise to a canonical (n − 1)-dimensional Calabi-Yau manifold N P . Batyrev [1] also extended this construction to singular toric Fano varieties, by considering a special resolution of singularities. This led to defining a family of mirror-dual pairs of Calabi-Yau manifolds.
The s-number of the Calabi-Yau manifold N P is given as follows. Lemma 1.5. We have
Proof. We have an isomorphism of complex bundles T N ⊕ ν ∼ = i * T V , where ν is the normal bundle of the embedding i : N ֒→ V . Hence, s n−1 (T N ) + s n−1 (ν) = i * s n−1 (T V ). Now we calculate
Calabi-Yau generators for the SU -bordism ring
Let σ = (σ 1 , . . . , σ k ) be an unordered partition of n into a sum of k positive integers, that is,
We denote by P (n) the set of all partitions σ with parts of size at most n − 2. That is,
Lemma 2.1. For any σ ∈ P (n) we have
Proof. The cohomology ring of
where
for any i. The formula from Lemma 1.5 then gives
k in the polynomial above, whence the result follows.
We prove an analogue of this result which takes account of the extra factors in (2.1), and therefore obtain a divisibility condition for the numbers
For a prime p n, write the p-adic expansion of n as
Following Mosley, we introduce three particular partions of n. First, define
where the number of entries p i is equal to a i for i 0. Note that σ(p) ∈ P (n) whenever n = p s and n = q r + 1 for any prime p and q. For n = p s define
where the number of entries p s−1 is p. Finally, for n = q r + 1 define
where the number of entries q r−1 is q. Note that ω(q) ∈ P (n) and τ (p) ∈ P (n) for n 3.
For an integer a and a prime p, denote by ord p a the maximal power of p which divides a.
Proposition 2.2 ([8]
). Let n 3 be an integer.
(a) Let p be a prime such that n = p s and n = p r + 1. Then the multinomial coefficient
1 for any σ ∈ P (n), and ord p n τ (p) = 1; (c) Suppose n = q r + 1 for a prime q. Then ord q n σ 1 for any σ ∈ P (n), and ord q n ω(q) = 1. Lemma 2.3. For n 3, we have
where the numbers g(n) and α(σ) are given by (1.2) and (2.1) respectively.
Proof. We refer to gcd σ∈ P (n) α(σ) simply as gcd throught this proof. For n = 3 we have P (n) = {(1, 1, 1)} and thus gcd = 3! · 2 3 = 48 = g (3) . In what follows we assume that n > 3. Consider the following 7 cases. I. n = p s , q r + 1 for any prime p and q.
Then g(n) = 1 if n is even and g(n) = 2 if n is odd. Take any prime t. First assume t is odd. Then ord t α(σ(t)) = ord t n σ(t) = 0 by Proposition 2.2 (a), so the gcd can be only a power of 2. Now assume t = 2. Then ord 2 α(σ(2)) = ord 2 n σ(2) + a 0 = a 0 by Proposition 2.2 (a). If n is even then a 0 = 0, hence gcd = 1 = g(n). If n is odd then a 0 = 1 and ord 2 α(σ(2)) = 1 ord 2 α(σ) for any σ ∈ P (n). The latter inequality holds because in any partition σ = (σ 1 , . . . , σ k ) of n = σ 1 + · · · + σ k at least one number σ i is odd, so (σ i + 1) σ i is even and α(σ) is divisible by 2. It follows that gcd = 2 = g(n) in this case. II. n = p s = q r + 1 for some prime p, q, and n is even.
Then p = 2 and q is an odd prime. By Proposition 2.2 (b) and (c), α(σ) is divisible by both p and q for any σ ∈ P (n), and ord 2 α(τ (2)) = ord 2 n τ (2) = 1, ord q α(ω(q)) = ord q n ω(q) = 1. For a prime t different from 2 and q we have ord t α(σ(t)) = ord t n σ(t) = 0. Therefore, gcd = 2q = pq = g(n) in this case.
III. n = p s = q r + 1 for some prime p, q, and n is odd.
Then p is an odd prime and q = 2. Similarly, by Proposition 2.2 (b) and (c),
On the other hand, in any partition σ of the odd number n at least one number σ i is odd, so (σ i + 1) σ i is divisible by 2 and α(σ) is divisible by 2 2 p. Therefore, we get gcd = 2 2 p = 2pq = g(n) in this case. IV. n = p s for a prime p, n = q r + 1 for any prime q, and n is even.
Then p = 2. By Proposition 2.2 (a), ord q α(σ(q)) = 0 for any odd prime q, and ord 2 α(τ (2)) = ord 2 n τ (2) = 1 ord 2 α(σ) for any σ ∈ P (n). Hence, gcd = 2 = p = g(n) in this case. V. n = p s for a prime p, n = q r + 1 for any prime q, and n is odd.
Then p is an odd prime. For any prime t = 2, p, Proposition 2.2 (a) gives ord t α(σ(t)) = 0. For the prime 2 we have ord 2 α(σ(2)) = 1 ord 2 α(σ) for any σ ∈ P (n), where the equality holds because n is odd. Hence, ord 2 gcd = 1. Finally, for the odd prime p we have ord p α(τ (p)) = 1 ord p α(σ) for any σ ∈ P (n). Therefore, gcd = 2p = g(n) in this case. VI. n = q r + 1 for a prime q, n = p s for any prime p, and n is even.
Then q is an odd prime. By Proposition 2.2 (c), ord q α(ω(q)) = 1 ord q α(σ) for any σ ∈ P (n), so ord q gcd = 1. For any prime t = 2, q, Proposition 2.2 (a) gives ord t α(σ(t)) = 0, so ord t gcd = 0. Finally, the 2-adic expansion of n has a 0 = 0, so applying Proposition 2.2 (a) again we get ord 2 α(σ(2)) = 0. Therefore, gcd = q = g(n) in this case. VII. n = q r + 1 for a prime q, n = p s for any prime p, and n is odd.
Then q = 2. Proposition 2.2 (c) gives ord 2 α(ω(2)) = ord 2 n ω(2) + 1 = 2. On the other hand, Proposition 2.2 (a) implies that ord t α(σ(t)) = 0 for any prime t = 2. Also, Proposition 2.2 (c) gives that n σ is divisible by 2 for any σ ∈ P (n). It follows that ord 2 α(σ) 2, because n is odd. Therefore, gcd = 2 2 = 2q = g(n) in this final case. Now we can state the main result. This question is an SU -analogue of the following well-known problem of Hirzebruch: which bordism classes in Ω U contain connected (i. e., irreducible) non-singular algebraic varieties? If one drops the connectedness assumption, then any U -bordism class of positive dimension can be represented by an algebraic variety. Since a product and a positive integral linear combination of algebraic classes is an algebraic class (possibly, disconnected), one only needs to find in each dimension i algebraic varieties M and N with s i (M ) = m i and s i (N ) = −m i , see Theorem 1.1. The corresponding argument, originally due to Milnor, is given in [10, p. 130] . Note that it uses hypersurfaces in CP n and a calculation similar to Lemma 1.5. For SU -bordism, the situation is different: if a class a ∈ Ω SU can be represented by a Calabi-Yau manifold, then −a does not necessarily have this property. Therefore, the next step towards the answering the question above is whether y i and −y i can be simultaneously represented by Calabi-Yau manifolds. We elaborate on this in the next section.
Low dimensional generators in the SU -bordism ring
Here we describe geometric Calabi-Yau representatives for the generators of the SU -bordism ring in complex dimension 4. Note that for i 5, each generator y i ∈ Ω SU 2i can be represented by a quasitoric manifold, by the result of [7] . On the other hand, every quasitoric SU -manifold of real dimension 8 is null-bordant by [ In fact, we have
, y 4 , (see [10, p. 266] ). Note that 8 is the first dimension where the difference between Ω SU and Ω SU [ 1 2 ] becomes relevant (apart from the torsion elements), as the square of the 4-dimensional generator y 2 is divisible by 4. Note also that y 2 , y 3 and y 4 are integral basis elements in the corresponding dimensions.
Example 3.1. Consider the Calabi-Yau hypersurface N (3) ⊂ CP 3 corresponding to the partition σ = (3). We have c 1 (T CP 3 ) = 4u, where u ∈ H 2 (CP 3 ; Z) is the canonical generator dual to a hyperplane section. Therefore, N (3) can be given by a generic quartic equation in homogeneous coordinates on CP 3 . The standard example is the quartic given by z 4 0 + z 4 1 + z 4 2 + z 4 3 = 0, which is a K3-surface. Lemma 1.5 gives
so N (3) represents the generator −y 2 ∈ Ω SU 4 . Note that Theorem 2.4 gives another representative for the same generator −y 2 . Namely, the only partition of n = 3 which belongs to P (n) is (1, 1, 1) . The corresponding Calabi-Yau surface is N (1,1,1 
On the other hand, the additive generator y 2 ∈ Ω SU 4 cannot be represented by a compact complex surface. This is proved in [8, Theorem 3.2.5] by analysing the classification results on complex surfaces. It is easy to see that a complex surface S with H 1 (S; Z) = 0 (which holds for all canonical CalabiYau hypersurfaces in toric Fano varieties) cannot represent y 2 . Indeed, such S has the Euler characteristic c 2 (S) = χ(S) 2, while s 2 (y 2 ) = 48 = −2c 2 (y 2 ), so c 2 (y 2 ) = −24 is negative.
The situation is different in complex dimension 3, where we have . Therefore, in our case n = 3 we have
and
It follows that N represents y 3 if and only if h 1,1 − h 2,1 = 1, and similarly for −y 3 . The fact that such N exist follows by analysing the database [6] As we have seen from Proposition 3.2, the generator y 3 , as well as −y 3 , can be represented by a single Calabi-Yau 3-fold N corresponding to a certain reflexive polytope. The case of y 4 is will be addressed in a subsequent work.
One interesting aspect of low-dimensional geometric representatives M for the bordism rings Ω U and Ω SU is that the rigidity property of Hirzebruch genera for manifolds M with torus action lead to remarkable functional equations. See [3, §9.7] and [2] for the details on this subject. The case of toric Fano manifolds corresponding to 2-dimensinal reflexive polytopes is treated in [2] ; it would be interesting to extend this treatment to the 3-and 4-dimensional case.
